Mathematica 11.3 Integration Test Results

Test results for the 77 problemsin "6.3.1 (c+d x)*m (a+b tanh)An.m"

Problem 3: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dx) Tanh[e + f x] dx

Optimal (type 4, 57 leaves, 4 steps):

(c+dx)2 (c+dx) Log[1+e?©fx] dPolylLog|2, -e? (x|
- + +
2d £ 2 f2

Result (type 4, 211 leaves):
cLog[Cosh[e+fx]]
.F

(d Csch[e]

e ArcTanh(Cothle]] £2 2 4 (i Coth[e] (-fx (-r+21iArcTanh[Coth[e]]) -

nlog[1+e®fX] -2 (ifx+iArcTanh[Coth[e]]) Log[1-e?! (ifxriArcTanhiCothle]]) ],
sLog[Cosh[fx]] +2iArcTanh[Coth[e]] Log[i Sinh[f x + ArcTanh[Coth[e]]]] +

JiPolyLog[Z, 2t (Jifx+JiAr*cTanh[Coth[E]])])>/ ( 1—Co‘th[e]2 Sech[e] /

(2 -FZ\/Csch[e]Z (-Cosh[e]?+sSinh[e]?) ) + ldx2 Tanh|
2

e]

Problem 7: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dx)2Tanh[e+fx]2dlx

Optimal (type 4, 88leaves, 6 steps):
(c+dx)® (c+dx)® 2d(c+dx) Log[1l+e?(eFx]

+

f 3d £
d?Polylog[2, ~e?(®*f¥ |  (c+dx)?Tanh[e + fx]
= £

Result (type 4, 303 leaves):
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1x<3c2+3cdx+d2x2) +
3
(2cdsech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] -fxSinh[e])) /

(f? (Cosh[e]?-sSinh[e]?)) -
(dz Cschle] (-e*A“Ta"h[C“h[eH f2x*+ (i Coth[e] (-fx (-7 +21iArcTanh[Coth[e]]) -

nlog(1+e2fx] -2 (i fx+iArcTanh[Coth[e]]) Log[1 - 2! (ifxiArcTanhCothle]]) ]
stLog[Cosh[fx]] +21iArcTanh[Coth[e]] Log[i Sinh[f x + ArcTanh[Coth[e]]]] +

iPolyLog[Z, eZJ’l (jfx+1’1Ar‘cTanh[Coth[e]])])>/ 1—Coth[e]2 Sech[e] /

(f3 \/Csch[e12 (-Cosh[e]?+Sinh[e]?) ) + %Sech[e] Sechle + fx]

(-c*sinh[fx] -2cdxSinh[fx] - d®>x*Sinh[fx])

Problem 11: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dx)3Tanh[e+fx]3dlx

Optimal (type 4, 237 leaves, 13 steps):
3d (c+dx)?  (c+dx)® (c+dx)* 3d?(c+dx) Log[l+e?(efx]

+

2 2 2f ad £
(c+dx>3 Log[1+<ez (e+fx)] 3d3 PolyLog[Z, _e? (e+fx)]
f i 2 4 "
3d (c+dx)*Polylog[2, -e?(®f¥ | 3d? (c+dx) Polylog[3, -e? (e ]
22 _ 2 £3 ’
3d’Polylog[4, -e?®f¥ | 3d(c+dx)’Tanhle+fx] (c+dx)’>Tanhle+fx]2
4 £ _ 2 f2 _ 2f

Result (type 4, 819leaves):
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4

cd?e® (-2f2x% (2e?°fx-3 (1+e’®) Log[1+e?®F¥]) 46 (1+e?®) fxPolyLog[2, -e? (¢F¥ ] -

3 (1+e’®) Polylog[3, -e*® ¥ ]) sech[e] + ld3 e® 2e) Xt - 1
4 24
e?® (1+e2%) (2F*x*-4F%° Log[1+e? ®F¥ ] —6f2x?PolyLog[2, -e? @ F¥ ] +6fx
(c+dx)’sechle+fx]2
Sech[e] + +
2f

(3cd*sech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] - fxSinh[e])) /
(f? (Cosh[e]?-sSinh[e]?)) +

(c*sech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] -fxSinh[e])) /
(f (Cosh[e]?-sinh[e]?)) -

x4 (1+e

PolyLog[3, -2 (FY | _3PolyLog[4, -e? (¥ ] )

1
3d°Csche] |-eArcTanhiCothiel] £2 2, ————j Coth[e]

1-Coth[e]?

(-fx (-7m+21iArcTanh[Coth[e]]) - wrLog[1+e*"*] -2 (i fx+iArcTanh[Coth[e]])
Log[1 - e?! (1 fxriArcTanhiCothlel]) ] ., ;1| og[Cosh[f x]] +2 i ArcTanh[Coth[e]]

Log[i Sinh[f x + ArcTanh[Coth[e]]]] + i PolyLog [2, @21 (1 fx+iArcTanh[Cothle]]) } >

Sech[e] /(Zf“\/Csch[e]2 (-Cosh[e]?+Sinh[e]?) )— 3c2dCschle]

1
e ArcTanh(Cothle]] £2 52, —————j Coth[e] (-fx (-r+21iArcTanh[Coth[e]]) -

1-Coth[e]?
nlog[1l+e®**| -2 (ifx+iArcTanh[Coth[e]]) Log|1-e?* (1 FxiarcTanh(Cothlel]) |,
mLog[Cosh[fx]] +21ArcTanh[Coth[e]] Log[1Sinh[f x + ArcTanh[Coth[e]]]] +

i PolyLog [2, er (1 f x+1 ArcTanh [Coth[e]]) ] ) Sech [e] /

(21‘2\/Csch[e]2 (-Cosh[e]?+sSinh[e]?) ) - i3- Sech[e] Sech[e + fx]

2 2
1
(c2dsinh[fx] +2cd?*xSinh[fx] +d®>x*Sinh[fx]) +Z
X
(4c2+6c?dx+4cd®x?+d®>x?)
Tanh[e]

Problem 12: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(c+dx)2Tanh[e+-Fx]3dlx

| 3
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Optimal (type 4, 157 leaves, 9 steps):

cdx d?x? (c+dx>3 <C+dX)ZLOg[1+GZ(e+fx)}
+ - +

+

f 2f 3d f

d? Log [Cosh[e + £ x] ] . d (c+dx) PolylLog|2, -e? (¢fx |
.F3 .FZ

d*Polylog[3, -e*©f¥ ] d (c+dx) Tanh[e+fx] (c+dx)2Tanh[e+1“x]2
263 ) £ ) 2f

Result (type 4, 465 leaves):
1
12 f3
d>e® (-2F°x* (2e**fx-3 (1+e>®) Log[1+e®* ¥ ]) +6 (1+e?®) fxPolylLog[2, -e® F*¥ | -
+dx)*sechle+fx]2
3 (1+e’®) Polylog[3, -e?®F¥]) sech[e] + (c+dx) e: et +
2
(d*sech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] - fxSinh[e])) /
(f? (Cosh[e]?-sSinh[e]?)) +
(c?Sech[e] (Cosh[e] Log[Cosh[e] Cosh[fx] +Sinh[e] Sinh[fx]] -fxSinh[e])) /

1
cdCschle] [—e“"”anhmth[e” f2x?+ ———————1 Coth[e]

1-Coth[e]?
(-fx (-7+21iArcTanh[Coth[e]]) - wLog[1+e*F*] -2 (i fx+iArcTanh[Cothle]])
Log[1 - g2! (1 FxwiArcTanhCothle]]) |, ;7| og[Cosh[f x]] +2 i ArcTanh[Coth[e]]

(f (Cosh[e]?-sinh[e]?)) -

Log[i Sinh[f x + ArcTanh[Coth[e]]]] + i Polylog[2, e?* (1 x+iArcTanhiCothle]]) ] )

Sech[e] /(1‘2\/Csch[e]2 (-Cosh[e]?+sinh[e]?) )+

Sech[e] Sech[e+fx] (-cdSinh[fx] -d?xSinh[fx])
.FZ

N
1

=X

3

(3c®*+3cdx+d*x*) Tanh[e]

Problem 13: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

c+dx) Tanh[e + fx]3 dx
J( ) Tanh [e + f ]

Optimal (type 4, 100 leaves, 7 steps):



dx <c+dx)2
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(c +dx> Log[l +e? <e*fx>]

26 2d

+

+

<F

dPolylog[2, -e?®f¥ | dTanh[e+ fx] (c+dx) Tanh[e +fx]?2

2 2

22 2f

Result (type 4, 264 leaves):

| 5

clog[Cosh[e+fx]] cSech[e+fx]? dxSech[e+fx]?
+ + -
f 2f 2 f
1
dCschle] |-eArcTanniCothiel] £252, — i Coth[e] (-fx (-7 +21iArcTanh[Coth[e]]) -
1-Coth[e]?
JTLog[l + ez‘cx} -2 (1'1 fx + 1 ArcTanh[Coth[e] ]) Log[l -2t (“X*“"Ta”h[c“h[e”)] +

mLog[Cosh[fx]] +21ArcTanh[Coth[e]] Log[1 Sinh[f x + ArcTanh[Coth[e]]]] +

i PolyLog [2) er (1 fx+1 ArcTanh [Coth[e]]) ] ) Sech [e] /

(2 f2 \/Csch [e]? (-Cosh[e]®+Sinh[e]?) )

1
2

d

X2

Tanh[e]

d Sech[e] Sech[e + f x] Sinh[f x]
2 f2

+

Problem 16: Attempted integration timed out after 120 seconds.

c+dx) (bTanh[e +fx])>?dx
( ) [ 1)

Optimal (type 4, 1392 leaves, 44 steps):

2 b5/2d ArcTan { b Tanh[e+f x] } (—b) 5/2 (c +d x) ArcTanh [ JfbTanhie-fx] ]
Vb ~ Vb B
3 2 £
+ 2 +
(-b)*? d ArcTanh | o Tanh[e-fx] |© 2b%2dArcTanh| bTanh[e+f x] ]
b . G )
2 f2 3 f2
+ + 2
b*/2 (c+dx) Ar‘cTanh[ b Tanh[e+# x] } b5/2d Ar‘cTanh[ b Tanh[e+f x] }
Vo . 7 )
f 2 f2
b%/2d ArcTanh | b Tanh [e+f x] | Log| 2.h ]
Vb Vb -+/bTanh[e+f x]
= :
b%/2d ArcTanh | b Tanh e x] | Log| 2:b ]
Vb +/b ++/bTanh[e+f x]

.FZ
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b Tanh[e+f x] } Log 2+v/b (ﬁ,m }
e (VB 5| (VB oTamnlertx

b5/2 d ArcTanh {

b Tanh[e+f x] } Log[ 2+b (ﬁm/m]
e (VB ) [V /o Tarmientn

b%/2 d ArcTanh |

N
22
K572 JoTanh(erfx] o,
(-b) d ArcTanh | - ] Log[l_@]
Ny
'F2 —
(-b)*2 dArcTanh[@] Log| 2 (Wﬁm
o (VB /b ) 1EJ
IE
2 £2

2 (Vo b Tanh (e x]

(—b)S/ZdArcTanh[@] Log | - J
Ny (\/Tf\/F) [1—M]
\ -b
2 f2
01572 g arcrann ] LETE 1 oot 2
( ) rcTan [ — ] Og[hm] b5/2dp01y|_og[2, 1- 2y b ]
il Vb foTenniertx]
o 22
b5/2 d PolylLo [2 1- 2+/b bs/zdPolyLog[Z, 1- ZW[WW)
PO e bremnietn (o) oot
. +
s 4 f2

2b (Vb +/bTanhecf ]
(Vo b | (Vo /oTann et

b%/2d PolyLog|2, 1 -

N
42
2 (5o TanhieFx

(-b)%2dPolylog[2,1- —2——] (-b)*2dPolylog[2, 1- | ..

et (VB /b ] [

Voo S
2 f2 4 f2
2 (/b +:/bTanhesfx]

(-b)*?dPolyLog[2, 1+ [ i ] (-b)**dPolylLog|2, 1—#]

(\/T—\/F) (17\ bTanhﬁ[:*fX] ] 1+ bTa\j/%ﬂ’x]

4f 22



Mathematica 11.3 Integration Test Results for 6.3.1 (c+d x)~m (a+b tanh)”n.nb | 7

4b>d+/bTanh[e+fx] 2b(c+dx] (bTanh[eJr-Fx]):'”2
362 3f

Result (type 1, 1leaves):
22?

Problem 17: Unable to integrate problem.

J(c+dx) (bTanh[e +fx])>?dx

Optimal (type 4, 1363 leaves, 43 steps):

2b3/2dAr‘cTan[ b Tanh[e+f x] ]

(-b)*? (c+dx) ArcTanh] b Tanh (e x] ]

£ f
(-b) 32 4 ArcTanh [ @] 2 2b¥2dArcTanh [ b Tanh e+ £ x] }
b . Jo .
28 =
b*/2 (c+dx) ArcTanh| b Tanh[e+f x] | b*2dArcTanh| b Tanh[e+f x] }2
Vo . Vo i
f 22
b*>/2d ArcTanh | b Tanh [ x] | Log| 22/b ]
Vb +/b -+/bTanh[e+f x]
£ '
b*>/2d ArcTanh | b Tanh e+ x) | Log| — ]
Vb /b ++/bTanh[e+f x]
£ )
2/b [+/-b -+/bTanh[e+fx]
b*/2d ArcTanh]| bTarl?”:X] | Log| (

(\/T—\/F) (\/Fﬁ/bTanh[eﬂcx]

b Tanh [e+f x] } Log[ 20 [mﬂ/m
Vo (Vb B | (W+\/m

2 2

b3>/2d ArcTanh |

+

b Tanh[e+f x]

(-b)*? dArcTanh | | Log[ —2——]

b 17\/branh[e+fx'
s
£ )
2 (/b -./bTanh[e+f x]
(7b)3/2dArcTanh[:bTa"hgﬂcx] | Log] ( - : hxf) ]
(VB E [1,7V3"M]
N

2 2
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(-6)* dancranh [ SEEE ] o 2T

Vb (\/T—\/F) [1: bTanﬁdx] ] ]
b
2 2
(—b)3/2dAr‘cTanh[:bTanh[&fX] | Log[ ——2*——] 2B
Vb 1, oTamfevex] b3/2 d PolylLog [2, 1- ]
Ny VB -/bTanh(esfx]
£2 2 2
i [ 246 [ﬁm]
3/2 3 2+/b b/ dPolylLog|2, 1-
b>/2d PolyLog |2, 1 s Vo /F) [VE oot |
+ +
2 £2 4f2

(Vb /b | [JRJW

b*>/2d PolyLog|2, 1 -

42 *
2 (VB /oTamnierfx)
(~b)*?dPolyLog|2, 17#} (~b)*? dPolyLog[2, 1- | anh e+ |
1% (VB VB | (1@]
-b b
2 f2 - v _

2 [ﬁm |
(Vb -vb) (L@J

b

(-b)*?dPolyLog[2, 1+

4 f2

3/2 2
(7 b> d POIyLog [2’ 1- 1.0 bTanh[e+f x| }
I 2b (c+dx) VbTanh[e+fx]

2 2 f

Result (type 8, 20 leaves):

c+dx) (bTanh[e +fx])*?dx
( ) [ 1)

Problem 18: Result unnecessarily involves imaginary or complex numbers.

J(c+dx) vbTanh[e+fx] dx

Optimal (type 4, 1280 leaves, 37 steps):
A -b (c+dx) ArcTanh | b Tanh[e+f x] ] ﬁdArcTanh[:ﬂanhmfx] ]2

_ ﬁ \/T +
f 2 f2
b Tanh[e+f x] A/bTanh[e+fx] 72
Vb (c +d x) Ar‘cTanh[ o } b d Ar‘cTanh[ = ]

+ —

f 2 f2
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\/b dArcTanh [ L2TanhleFx] Log 2:/b
[ Vb ] [\/Fq/bTanh[eM:x] ]
£ '

\/FdAr‘cTanh @ Log 2:/b
[ Vb ] [\/Fh/bTanh[e»ffx] ]

£ )

b Tanh e fx] ] ) 2/b (x/—b —/bTanhe+fx] ]

/b dArcTanh| og|
Vb REry [ﬁ+\/m
2 f2 _
2+/b [+/-b +/bTanh[e+f x]
Vb dArcTanh| o Tanh[e+fx] | Log ( Ji)
Vb (v /B | an
2f2 )
- [bTanh[e+fx] 2
V/-b dArcTanh]| b ] Log[l,m]
-b
£ _
2 [+/b —./bTanh[e+f x]
/b dArcTanh| @] Log | | i ]
(\/TM/F) [1,\/“3’}"&]
N
22
2 [+/b ++/bTanh[e+f x]
75 darcrann [ Do | o AP
= (V) [1- Lol |
N
28
\/j d ArcTanh b Tanh[e+f x] Lo 2
[ Vb ] g[l+@] Vb dPolylog[2, 1- — ]
e b Tamh et al
o 22
. [ 2 F [V o
B 2B b dPolylLog|2, 1-
Vb dPolylog[2, 1 W+m] T (V) (VB o Tam et x
2£2 ) 4 f +

2b [ﬁh/bTanh[e#x] ]
(\/T+\/F) (\/Fﬁ/bTanh[erFx] )

Vb dPolylog[2, 1 -

+
4 f2
, 2 [W—«/bTanh[ewa] )
V/-b dPolylog[2,1- ——2——] +/-b dPolylLog[2, 1- :
17\/bTanh[e7fx} (WM/F) [lithanh e+fx| ]
Ey Vo

2 2 4f2



10 | Mathematica 11.3 Integration Test Results for 6.3.1 (c+d x)~m (a+b tanh)”n.nb

2 [W+m) |
REEEY [17@]

A -b

\/-b dPolyLog[2, 1+ \/-b dPolyLog[2, 1- 2

1. \/ bTanh [e+f x]

=

+

42 2 2

Result (type 4, 556 leaves):
1

8 f2+/Tanh[e + f x]
(—4F (c+dx) (2Ar‘cTan[x/Tanh[e+-Fx] | +Log[1-+/Tanh[e+fx] | - Log[1++/Tanh[e+fx] ” +

d [4]‘1Ar‘cTan[x/Tanh[e+-Fx] }2—
4 ArcTan[~/Tanh[e + f x] | Log[1+e4iAPCTa”{ Tanh[e+fx] H - Log[1-+/Tanh[e + fx] ]2+

1 1

2Log[1-+/Tanh[e+fx] | Log| ;+;) (—i+\/Tanh[e+fx] )] +
1 i

2Llog[1-+/Tanh[e+fx] | Log] ;—;) (11+\/Tanh[e+fx] )] -
1

2Log[1-+/Tanh[e + fx] ]Log[; (1+\/Tanh[e+fx] )] -

1 i
2Log[1- [;—;] (1+\/Tanh[e+fx] )] Log[1++/Tanh[e+fx] |+
1
2Log[; (1—\/Tanh[e+fx1 H Log[1++/Tanhe+fx] | -

1 1
2Log[ —f—f] (J‘L+ Tanh[e + f x] )] Log[lJr Tanh[e + f x] ]+

2 2
Log[1++/Tanh[e + f x] ]2+ i PolyLog|2, _ g i AncTan|y/ Tanh e+ f x] H -

1 i
2 Polylog|2, (1—\/Tanh[e+fx] )} +2Polylog|2, [—;—;] (—1+\/Tanh[e+fx] )] +

2

1
2
1 i
2 Polylog|2, (——+—) (—1+\/Tanh[e+fx] )] +
2
1 1 i
2Polylog[2, — (1+\/Tanh[e+fx] )} -2Polylog|2, [E—;) (1+\/Tanh[e+fx1 H -

2
2 Polylog|2, (1+£] (1+\/Tanh[e+fx] )]])\/bTanh[eH‘x]
2 2

Problem 19: Result unnecessarily involves imaginary or complex numbers.

c+dx
J dx
v bTanh[e + f x]
Optimal (type 4, 1280 leaves, 37 steps):

(c+dx) ArcTanh | b Tanh [e+f x] | dArcTanh| b Tanh e+ x] ]2
/b b

- - +

V-b f 2+/-b f2
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(c+dx) ArcTanh | b Tanh [e+f x] | dArcTanh| b Tanh[e+ x] ]2
G . G i
Vb f 2/b f?
d ArcTanh | o Tanh[ef x] | Log| 2.b | dArcTanh| b Tanh (e x] | Log| 2. b ]
Vb \/b -~/ bTanh[e+f x] Vb \/b ++/bTanh[e+f x]
N _
Vb f? Vb 2
2+/b [+/-b -+/bTanh[e+f x]
d ArcTanh | o Tanh [ x] | Log (

Ny Ry [W+m

2+/b f?

dAr‘cTanh[m] Log| - (ﬁﬂ/m
/b (b b [W+m]

2+/b 2

+

/ N
d ArcTanh | bTanh [e+f x] ]

Vb

2

Log|

1 \/bTanh [e+fx]

N

V-b f?

dAr‘cTanh[m] Log| ? [me)

= fotamnfe-ex]

(VTNF) [varanh[wxj ]

e
2+/°b £

dAr‘cTanh[@] Log| - 2 (VB /o Tanh (e | ]

Vb — 7vm]
(VBB [1 e
2+/-b 2
d ArcTanh | bTanh[e:fx) | Log| 2 ]

/-b 1+\/bTanh{e-fo d PolyLog [2) 1 -

2+/b ]
N \/b —y/bTanh[e+fx]
V-b f2 2/b 2

2+/b [V [bTanh e fx]

dPolylog|2, 1 - WJ:Tanbhﬁ] dPolylog|2, 1- o) [Wm
2/b 2 + 4+/b f?

216 (Vb wy[oTanherfx]

(Vb b | (VB /bTanhect ]
4+/b 2

+

dPolylog[2, 1-

+
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2

] d PolyLog {2’ 1 2 (\/F—1 b Tanh[e+f x| ]

1 bTanh e ] (\/TM/F) [17\]“bTan‘h{e+fo ]

Vb b

2/ b 2 4+/"b 2
Z(Wﬁ b Tanh[e+f x]

d Polylog [2, 1-

}

dPolylog[2, 1+ —————] dPolyLog[2,1- ——2——]
(\/T—\/F) [Lv‘bﬁ"h[e*fx] ] 1, VoTanh[e-fx]
Vo Vo
+
4+/-b f? 2+/-b f2
Result (type 4, 556 leaves):
1
8 f2+/bTanh[e + f x]

(4-F (c+dx) (ZAr‘cTan[\/Tanh[e+-Fx} | -Log[1-+/Tanh[e+fx] | +Log[1+~/Tanh[e +fx] ]) +
d [—41’1Ar‘cTan[\/Tanh[e+-Fx} ]2+
4 ArcTan[+/Tanh[e + f x] | Log[1+e4iAPCTa”{ Tanh[e+f x] H - Log[1-+/Tanh[e + fx] ]2+

1 1

2Llog[1-+/Tanh[e+fx] | Log| ;+;) (—i+\/Tanh[e+fx] )] +
1 1

2Log[1-+/Tanh[e+fx] | Log] ; ;) (1‘1+\/Tanh[e+fx] )] -

2Log[1-+/Tanh[e+fx] | Log| (1+\/Tanh[e+fx] )] -

N |

1 i
2Log[1- [;——] (1+\/Tanh[e+fx] )] Log[1++/Tanh[e+fx] |+

2

2Log[1( -+/Tanh[e + f x] HLog[1+\/Tanh[e+fx1 ] -
2
2 Log| %5] (1 ++/Tanh(e+ £x] |] Log[1++/Tanh[e - Fx] | +

Log[1++/Tanh(e+Fx] |’ - iPolyLog[2, - et AncTan|\/Tanhie-fx []
2 PolyLog|2, (1 ~/Tanh[e + f x] )} +2Polylog|2, [—l—j—] (—1+\/Tanh[e+fx] )] +
2 2

)(_1+m)]+

N|l='-

1

2
1
2PolyLog 2, ( -
2

1

2 Polylog|2,

1 i
(1+\/Tanh[e+fx] )} - 2Polylog|2, [E—;) (1+\/Tanh[e+fx1 H -

2
2 PolyLog|2, (1 E] (1+\/Tanh[e+fx] )]]) v Tanh[e + fx]
2 2

Problem 20: Unable to integrate problem.

c+dx
J dx
(bTanh[e+fx])>?
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Optimal (type 4, 1365 leaves, 43 steps):

2dArcTan| bTa'j;“CX] ] (c+dx) ArcTanh| bTaﬁ#X] | dArcTanh| bTaJh[—:ﬁX] }2
bh3/2 £2 N (7b)3/21‘ N ) (7b)3/2 £2 "

2dArcTanh]| bTa'j;”CX] ] (c+dx) ArcTanh| bTaiE*fx] | dArcTanh] bTarl;;“cx] ]2

b3/2 ‘F2 * b3/2.F * 2b3/2 .f:2 N

J/bTanh[esfx] N R
dAr‘cTanh[ b Tanh [e+fx) ] Log[ — } dAr‘cTanh[ b Tanh e+ x) ] Log[ 2:b ]

Vb +/b -1/bTanh[e+f x] Vb /b +1/bTanh[e+f x]
b3/2 'FZ - b3/2 'F2 N

b Tanh[e+f x] ] Log[ 2+/b (\/T,\/m
e (V7o b ) (Vo foTannlertx]

2 b3/2 .f:2

b Tanh[e~f x] ] Lo 2+/b (\/Tﬁ/bTanh[eva] ]

d ArcTanh |

d ArcTanh |

Vb g (\/T+ﬁ) [VF*\/W
2b3/2£2 +
d ArcTanh | W] Log| ;]
° 1 Yoramnlefx]
Voo )
)
d ArcTanh [ L2BMLEefxl 1y oo 2[WJW]- |
- (Vb +vE ) LM]
N -b
2 (-0)
d ArcTanh [ LoTemhiesfx 1 o1 2 (Vb oo Tanh e Fx) |
o (=B P ﬁ@}
\ -b
2 (-0) e :
JoTanh (e fx) .
d ArcTanh L
rcTan [ Vb ] Og[h@] dPOlyLog[z, 1- 2+/b ]
L - Vb foTanhiertx] ©
(7b>3/2 £2 2 b3/2 £2

2+/b (\/T—«/bTanh[ewa]
24/b ] d PolyLog[2, 1-
Vb o foTanh(erfx] (ﬁfﬁ) (\/Fﬁ/bTanh[eJer] ]
4

2b3/2 .FZ 4b3/2 .FZ

dPolylog|2, 1-

+
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2/b [/ -b ++/bTanh[e+f x]
d PolyLog[Z, 1- ( S ] d PolyLog[Z, 1- JbTa;ﬁ
(\/TM/F) (\/Fﬁ/bTanh[erFx] 1-—
+ Jo -
4b3/2 'F2 2 (_b>3/2 _Fz

2 (\/F—«/ b Tanh [e+f x| ] 2 [Wﬁ/bTanh[eﬂcx] ]

dPolylog[2, 1-

| dPolyLog|2, 1+

(\/IH/F) [17\ bTanh [e+f x] ] (\/Tf\/F) [17\/bTanh[e+‘Fx] ]
b -b
4(-b)> 4 (-b)?f2
dPolylog|2, 1 - ——2——
oly 08[ 1+W]
Ny 2 (c+dx)
2 (-b)32f2 bf+/bTanh[e+fx]

Result (type 8, 20 leaves):

c+dx
J dx
(bTanh[e+fx])>?

Problem 22: Attempted integration timed out after 120 seconds.

J(c+dx)2\/bTanh[e+fx] dx

Optimal (type 8, 23 leaves, 0 steps):
Int[<c+dx)2\/bTanh[e+-Fx] » X]

Result (type 1, 1leaves):

???

Problem 23: Attempted integration timed out after 120 seconds.

(c+dx)?
J dx
\bTanh[e + f x]
Optimal (type 8, 23 leaves, 0steps):
(C +d X) 2
VbTanh[e+fx]

Result (type 1, 1leaves):

PP

Int|

» X]

Problem 50: Result more than twice size of optimal antiderivative.

J (c+dx)™ ax

a+aTanh[e + fx]
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Optimal (type 4, 89leaves, 2 steps):

(codx)™ 277N (codx)® (He95) " Ganma 1+ m, 2Eic0x ]

2ad(1+m) af

Result (type 4, 186 leaves):
f (C +d X)
d

m -m

f2 (c+dx)?
- Sech[e + f x]

dZ

272" (c+dx)" |-

2f(c+dx)
d

]

(d (1+m) Gamma[1 +m,

cf . cf
-Cosh[e - —] +Slnh[e——}) +
d d

21m £ (f (§+x)]m (c+dx)

cf X cf
Cosh[e- —] +Sinh[e - —])
d d

c
(Cosh[f (— X
d

| +sinh[f (§+x ]

/ (adf (1+m) (1+Tanh[e - fx]))

Problem 51: Attempted integration timed out after 120 seconds.
J (c+dx)" ix
(a+aTanh[e+Fx])2

Optimal (type 4, 153 leaves, 4 steps):

crax)t 27 (crdx)” (900 " Ganna [, 2EC00 ]

4a*d (1+m) azf

cf

4 _
4-2m g A (c+dx)" (4—)—{ °;dx ) mGamma[ler, 4f (crdx) ‘;*dx ]

a’f

Result (type 1, 1leaves):

2P

Problem 52: Attempted integration timed out after 120 seconds.
J (c+dx)" ix

(a+aTanh[e+Fx])3

Optimal (type 4, 224 leaves, 5steps):
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2cf

(c+dx)1*'" 3.24me (crdx)” (ﬂ%L)fmGamma[1+m, &Cd*ﬂl]
8a3d<1+m>7 Bf -

_ dcf -m
3. p-5-2m g der= (C+dX>m (fgc;dx)) Gamma[1+m, 4~F(cd+dx)}

af

_ 6cf -m
2-4-m  3-1-m o 6er— <C+dX)m (f{c;dx) ) Gamma[1+m, 6'F(((:j+dx) ]

a’f

Result (type 1, 1leaves):

PP

Problem 55: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j(c+dx) (a+bTanh[e+fx]) dx
Optimal (type 4, 75leaves, 6 steps):

a(c+dx)? b(c+dx)* b (c+dx)Log[l+e?®f¥] bdPolylog[2, -e? (X ]
- + +
2d 2d f 22

Result (type 4, 227 leaves):

1 , bclog[Cosh[e+fx]]
acx+—adx®+ -
2 f

1
_ e—Ar‘cTanh[Coth[e]] 'F2 XZ + i Coth [e]

1-Coth[e]?
(-fx (-7m+21iArcTanh[Coth[e]]) - wLog[1+e*"*] -2 (i fx+iArcTanh[Coth[e]])
Log[1 - e?! (1 fxriArcTanhiCothlel]) ] ., ;1| og[Cosh [f x]] +2 i ArcTanh[Coth[e]]

[desch[e]

Log[i Sinh[f x + ArcTanh[Coth[e]]]] + i PolyLog [2, @21 (i fx+iArcTanh[Cothle]]) } )

Sech[e}]/ (21"2\/Csch[e]2 (-Cosh[e]?+Sinh[e]?) ) + 1bdszanh[e]
2

Problem 58: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bTanh[e+fx1>2d1x

Optimal (type 4, 277 leaves, 15 steps):
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b2<c+dx)3 az(c+dx)4 ab(c+dx)4 bz(c+dx)4

- + - + +
f 4d 2d 4d
3b2d (c+dx)?Log[1+e? )] 2ab (c+dx)’Log[l+e? (X ]
= ' £ i
3b2d? (c+dx) Polylog[2, -e2(®f¥ ]| 3abd (c+dx)2PolyLog[2, -e?(efu ]
. _
.F3 .FZ

3b2d?Polylog[3, -e2 ®fX] 3abd? (c+dx) PolyLog|3, -e? (x|

2 ¢4 ) £ :
3abd®Polylog[4, -e?(¢F¥ ] b2 (c+dx)’Tanh[e+fx]

2 £ f

Result (type 4, 1062 leaves):
-
2 (1+e%¢) f

be?® |-12bc*dx-8ac®fx-12bcd®x?-12ac?dfx?-4bd®>x®*-8acd*fx>-2ad>fx*+

6bc?dlog[1l+e? (e f0]
.

d4ac’log(1+e? @] s4acde?®Logl+e? ®FH|
.F

+

6bc2de2¢Log|l+e? (e fx

+12ac2deog[1+e2 <e*fx)] +12ac2de’zexLog[1+e2 <e*fx>] +

.F
12bcd?xLog[1+e?®f¥]| 12bcd?e2®xLog[l+e? (¢ FY]
+ +
f f
6bd3x%Log|l+e? (X
12 a c d? x? Log[lJreZ (e+fx)] +12acd?e2¢ex? Log[1+e2 (e+fx)] N [ ] .

.F
6bd>e2¢x?Log(1+e? (¢Fx ]

.F

+4adx3 Log[1+ e? <e*fx>] +4ad>e?ex3 Log[l +e? (e*’cx)} +

éGde’ze (1+e?®) (c+dx) (bd+af (c+dx)) PolyLog[2, -e? (&Fx¥ ] -

3d?e2¢ (1+e2¢) (bd+2af (c+dx)) PolyLog|3, -e? (e |
.F3
3ad®Polylog[4, -e?®f¥ ] 3ad’®e2¢Polylog[4, -e2 (¢ FX ]

+ +

{:3 f:3

+

1
—fSech[e} Sechl[e+fx] (4a>c®fxCosh[fx] +4b®>c®fxCosh[fx] +6a*c*dfx*Cosh[fx] +
8

6b2c?dfx?Cosh[fx] +4a%cd?fx3®Cosh[fx] +4b?cd?fx®Cosh[fx] +
a?d®fx*Cosh[fx] +b2d®fx*Cosh[fx] +4a’c®fxCosh[2e+fx]+
4b%>c3fxCosh[2e+fx] +6a2c?dfx?Cosh[2e+fx] +6b2c?dfx?Cosh[2e+fx] +
4a%2cd’fx3®Cosh[2e+fx]+4b>cd?fx3Cosh[2e+fx] +a2d>fx*Cosh[2e+fx]+

b2 d3 f x*Cosh[2e+fx] -8b%c3Sinh[fx] -24b%c?>dxSinh[fx] -8abc?fxSinh[fx] -
24b%cd?x?Sinh[fx] -12abc?dfx?Sinh[fx] - 8b%d?x®>Sinh[fx] -
8abcd?’fx3Sinh[fx] -2abd®fx*Sinh[fx] +8abcfxSinh[2e+fx] +
12abc*dfx*Sinh[2e+fx] +8abcd*fx’Sinh[2e+fx] +2abd’fx*Sinh[2e+fx])
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Problem 63: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bTanh[e+-Fx])3d1x

Optimal (type 4, 566 leaves, 28 steps):
3b3d (c+dx)2 3 ab? (c+dx)3 b3 <c+dx)3 a3 (c+dx)4

+ + -

22 i £ 2f ad
3a2b (c+dx)* 3ab? (c+dx)* b>(c+dx)*® 3b>d? (c+dx) Log[1l+e? (&0
4d ' 4d C ad : £ :
9ab?d (c+dx)?Log[1+e?®f] 3a2b (c+dx)’Log[1+e? (&Y ]
£ i f '
b* (c+dx)’Log[1+e?(ef¥] 3b*d?Polylog[2, -e? (&Y ]
f ' 2 '
9ab2d? (c+dx) Polylog[2, -e?®*f¥ | 9a’bd (c+dx)?PolyLog[2, -e? (X ]
£ ' 2 '
3b°d (c+dx)?Polylog[2, -e? ¥ ] 9ab?d?Polylog[3, -e? (&Y ]
22 . 2§ .
9a2bd? (c+dx) Polylog[3, e f¥ | 3b*d? (c+dx) Polylog[3, -e? (©Fx]
23 ) 23 i
9a2bd?Polylog|4, -e?©F¥ | 3Db>d?Polylog|4, -e? (¢FX)]
4 : 4 )
3b°d (c+dx)?Tanh[e+fx] 3ab?(c+dx)’Tanh[e+fx] b*(c+dx)’Tanhle+fx]2
2 f2 ) f ) 2f

Result (type 4, 2010 leaves):
1

4(1+<ez'3)'F2
be?® |-24b*cd*x-72abc?dfx-24a2c3f2x-8b>c3f2x-12b%d*x>*-72abcd?*fx?-

36a2c2df2x?-12b2c?df?x?-24abd*fx®-24a%2cd®f2x>*-8b%cd?f2x3-
6a’d® f2x*-2b2d> f2x*+36abc’dlog[1+e?®F¥ ] +36abc?de?®Log[1l+e?®F¥ ]+
12b?cd?Log[1+e?®F¥ ] 12b2cd?e?¢Log[1l+e? (e FY]
f : f
4b%c3 'FLOg[1+<e (exfx) } +12a%c e’ze'FLog[1+<e (erfx) } +4b%2c3 e’ze'FLog[lJre e*fx)] +
72abcd’xlog[l+e* @] +72abcd?e?®xLog[1+e? Y]+
12b? d* x Log[1 + e? e+”>} 12b2 d® e 2¢ x Log[1 + e? (¢+Fx) |
f f
36a2c?dfxLlog[l+e?®f0] 1 12b? c2dfxLog[l+e? ]
36a2c de?®fxlog[l+e? @] 12b2c2de?®fxlog[l+e?®FX]
36abd®x?Log[1+e?®f¥ ] 36abd®e?®x?Log[1+e? Y]+
36a%cd’ fx?Log[l+e?®F¥] +12b% cd®fx?Log[l+e?®F¥ ]
36acd?e 2 fx?Log[l+e?® ¥ ] 112b2cd? e fx?Log[l+e? &FX] ¢

+12a* A flog(1+e? & F¥ ] 4

+
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12a2d® fx3 Log[1+e2L(e*‘cx)} AR P EX Log[1+e? ““'”CX)];

12a2d3 e fx3 Log[1+<e2 (e*’c’”} +4b2dPe 2 fx3 Log[lJrce2 (e*‘cx)] + iz
.F

6de ¢ (1+e%) (6abdf (c+dx)+3a2f (c+dx)?+b? (d?+ 2 f +2cdf2x+d? 2 x?))

PolyLog[2, -e? (¢*F¥) ] fi6d2<e’2'3 (1+e®¢) (3abd+3a*f (c+dx) +b*f (c+dx))

.FZ
PolyLog[3, -e? €] 4 9a2d3 PolyLoi2[4, -e? (e ] . 3b2d3 PolyLoi£4, -e? (e fx ] .
9a2d? e 2¢Polylog|4, -e? (¢FX | . 3b2d* e 2¢PolyLog[4, -e? (¢F) | J .
.FZ .f:2
(b>c®+3b3c2dx+3b>cd?x?+b3d?x?) Sech[e+fx]?

+

2f

(3x* (a’c*d-3a’bc*d+3ab’c®*d-b’>c*d+a’c*dCosh[2e] +3a’bc*dCosh[2e] +
3ab?c?dCosh[2e] +b3c?dCosh[2e] +a®c?dSinh[2e] +3a%bc?dSinh[2e] +
3ab®>c?dsinh[2e] +b>c*dSinh[2e])) / (2 (1+Cosh[2e] +Sinh[2e])) +

(x* (a®cd*-3a’bcd*+3ab’cd®-b’>cd®+a’cd’Cosh[2e] +3a*bcd®Cosh[2e] +
3ab?cd?Cosh[2e] +b3cd?Cosh[2e] +a’cd?Sinh[2e] +3a%2bcd?Sinh[2e] +
3ab®cd®sinh[2e] +b>cd?Sinh[2e])) / (1+Cosh[2e] +Sinh[2e]) +

(x* (a®d®>-3a’bd’>+3ab>d®-b’>d’>+a’d>Cosh[2e] +3a*’bd’Cosh[2e] +3ab*d®Cosh[2e] +
b*>d® Cosh[2e] +a*d>Sinh[2e] +3a’bd?>Sinh[2e] +3ab*d®>Sinh[2e] +b>d’>Sinh[2e]))

. 3a2bc3
(4 (1+Cosh[2e] +Sinh[2e])) +x [a’c®+3ab*c®- . +
1+ Cosh[2e] +Sinh[2e]

3a2bc3Cosh[2e] +3a?bc3Sinh[2e]
1+ Cosh[2e] +Sinh[2e]
((1+Cosh[2e] +Sinh[2e]) (1-Cosh[2e] +Cosh[4e] -Sinh[2e] +Sinh[4e])) +
(-2b*c*Cosh[4e] -2b*>’sinh[4e]) /
((1+Cosh[2e] +Sinh[2e]) (1-Cosh[2e] +Cosh[4e] -Sinh[2e] +Sinh[4e])) -
b3 c3 N b3 c3 Cosh[6e] +b3c3Sinh[6e] 1

+(2b*c?Cosh[2e] +2b’ csinh[2e]) /

1+Cosh[6e] +Sinh[6e] 1+Cosh[6e] +Sinh[6e] 2 2
3Sech[e] Sech[e+fx] (b®>c?dSinh[fx] +2ab?c®fSinh[fx]+2b*>cd?xSinh[fx] +
6ab>c?dfxSinh[fx] +b*>d>x*Sinh[fx] +6ab?cd*fx*Sinh[fx] +2ab’>d’fx>Sinh[fx])

Problem 64: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bTanh[e+fx])*dx

Optimal (type 4, 405 leaves, 22 steps):

| 19

/
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b3cdx b3d?x? 3ab2<c+dx)2 a3(c+dx)3 azb(c+dx)3 abz(c+dx)3

£ 2f f T d ' d .
b*> (c+dx)’> 6ab?d (c+dx) Log[1+e?®F¥] 3a2b (c+dx)®Log[1+e? (&FX]
3d ' f2 : f :
b3 <C+dx)2LOg[l+e2 <e“cx)} b3 d2 Log[Cosh[e +fx]] 3ab?d? POlyLog[Z, -e? (e*’cx)}
f ’ s ' = '
3a’bd (c+dx) Polylog[2, -e? (&Fx) ] . b*d (c+dx) PolylLog|2, -e? (e ]
.FZ .FZ
3a2bd? Polylog|3, -e? (¢ |  b*>d?PolyLog|3, -e? (&Fx |
263 . 263 .
b>d (c+dx) Tanh[e+fx] 3ab?(c+dx)’Tanh[e+fx] b*>(c+dx)?Tanh[e+fx]?
2 f 2f

Result (type 4, 1142 leaves):

ib[f ! 4e2¢fx
6 f3 1+e2¢
(9abdf (2c+dx) +3a*f* (3c®+3cdx+d*x?) +b* (32 F2+3cdfx+d* (3+F2x%))) +
6 (6abdf(c+dx) +3a%f? (c+dx)?+b? (2 f2+2cdfx+d? <1+-F2x2))) Log[1+e?(®F]
6d (3abd+3a’f (c+dx) +b?f (c+dx)) PolylLog|[2, -e? (#Fx¥)] -

3 (3a%+b?) d?Polylog|[3, -e® (¢F¥ || 4

; Sech[e] Sech[e+fx]? (6b®c?fCosh[e] +12b’ cdfxCosh[e] +6a’ c®f>xCosh[e] +
12 f

18ab?c?f2xCosh[e] +6b3d?> fx?Cosh[e] +6a°cdf?x?Cosh[e] +

18ab?cdf?x?Cosh[e] +2a%d?>f2x®>Cosh[e] +6ab?d?f?x3Cosh[e] +
3a3c?f2xCoshje+2fx] +9ab?c?f>xCosh[e+2fx] +3a3cdf?x?Cosh[e+2fx] +
9ab?cdf?x?Cosh[e+2fx] +a>d?>f2x>Cosh[e+2fx] +3ab?d?f>x3Cosh[e+2fx] +
3a3c?f?xCosh[3e+2fx] +9ab?c?f?xCosh[3e+2fx] +3a’cdf?x?Cosh[3e+2fx] +
9ab?cdf?x?Cosh[3e+2fx] +a®d?f?x3Cosh[3e+2fx] +3ab?d?®f?x3Cosh[3e+2fx]+
6b3cdSinh[e] +18ab? c?fSinh[e] +6b3>d?xSinh[e] +36ab?cdfxSinh[e] +

18a’bc? f2xSinh[e] +6b3c?f2xSinh[e] + 18 ab?d? fx%Sinh[e] +
18a’bcdf?x?Sinh[e] +6 b3 cdf?x?Sinh[e] +6a%2bd?f2x3Sinh[e] +

2b3d? f2x3>Ssinh[e] -6b3cdSinh[e+2fx] -18ab?c?fSinh[e+2fx] -
6b>d?xSinh[e+2fx] -36ab>cdfxSinh[e+2fx] -9a’bc?f?xSinh[e+2fx] -
3b3c?f2xSinh[e+2fx] -18ab?d? fx?>Sinh[e+2fx] -9a?bcdf?x?>Sinh[e+2fXx] -
3b3cdf?x?Sinh[e+2Ffx] -3a’bd?>f2x>Sinh[e+2fx] -b>d?> f2x>Sinh[e+2fx] +
9a2bc?fixSinh[3e+2fx] +3b>c?2f2xSinh[3e+2fx] +9a’bcdf?x?Sinh[3e+2fx] +
3b°cdf’x*Sinh[3e+2fx] +3a’bd®f>x’Sinh[3e+2fx] +b>d*f2x>Sinh[3e+2fx])

Problem 73: Result more than twice size of optimal antiderivative.

J (c+dx)? i

(a+bTanh[e+Fx])2

Optimal (type 4, 642 leaves, 28 steps):
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2b% (c+dx)? 2b% (c+dx)?
- +
(a2-b?)%f  (a-b) (a+b)? (a-b+ (a+b) e2e2fx) f

+

[crax)® 3b%d (o dx)?Log[t s Lt
+ —
4 (a-b)*d (a2 - b?)2 £2
20 [c+dx)’Log[1+ 22 S5] 207 [cdx)’ Log[1+ LS
(a-b)? (a+b)f (a2 - b?)
362d? (c+dx) Polylog[2, - @*L<™*]  3bd (c+dx)?Polylog[2, - (b2
B +
(a% - b2) % £2 (a-b)? (a+b)
3b%d (- dx)? Polylog[2, - =ELSEE] 367 Polylog[3, - e
- +
(a2 - b?)? £2 2 (a2 - b2)2 £

3bd? (c +d x) PolylLog {3, - M):;e—'z“} 3 b2 g2 (c +d x) PolyLog {3, B (a+b):;e+2fx }

(a-b)? (a+b) (a2 - b2)2 f3

3bd3 PolyLog[4, —iﬂ):;e—dfx} 3 b2 g3 POlyLog[4, __(a;b)aie—dfx}

+

Z(a—b)z(aer)'F4 2<az—b2)2-F4

Result (type 4, 2119 leaves):
1

2 (a—b)2 (a+b>2 (b(-1+e2¢) +a (1+e2°))

bll12abc?de?®f x+12b%2c?de?®f>x-8a’c®e?®f*x-8abc®e?®f*x+12abcd?e?®f3x?+

12b%2cd?e?®f3x?-12a%c?de?®f*x?-12abc?de?ef x> +4abd? e x3+
402 dP e 253 -8acd? e 4P ~8abcd?e? 4} - 2a2d% 2 4 x4 - 2ab d? e2° 4 Xt -

b (e+fx) b (e+f x)
1Zabcd2-F2xLog[1Jr <a+>b] +12b2cd2-F2xLog[1+(a+>b} ,
_ a
b (e+fx) b (e+f x)
abed e fxtoglie LT e g ogns 270V
a-b a-b
b (exfx) b (e+fx)
12a2c2df3xLog[1+<a+>eb] ~12abc?dfxLog[1+ (an)b} .
—_ a7
b (e+f x) b (e+f x)
12a2c2dezef3xLog[1+%} +12abc2de2ef3xLog[1+%} -
a- a_

b (e+fx) b (e+fx)
%}+6b2d3fzxz|_og[l+ L}7
a-b a-b

(20 @00 2 gp 2o 20 og[1 s 12701
a-b a-b
b (exfx) b (e+f x)
(aJr)eb]12abcd2-F3x2Log[1+<a+>eb] +
_ a3
b (e+f x) b (e+f x)
%] +12abcd2629f3x2|—0g[1+ <a+ )(E
a-b a-b

6abd?f2x2 Log[1+
6abd®e?®f>x?Log|1+ ]+
12a%cd* > x? Log[1+

12a%cd?e? 3 x? Log[1+

|+
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2 (e+fx 2 (e+fx
—(a+b)e ( >}74abd3-F3x3Log[1+—<a+b>(e o
a-b a-b

2 (e+fx
—(a+b)e ( )]+4abd3<e“-F3x3Log[1+

a-b a-b

6abc’df’Log[b (-1+e” ) va (1+e?®F) ]+
6b>c*df>Lloglb (-1+e* V) va (1+e? (0] -
6abc’de?®f2Log[b (-1+e?®F¥) +a (1+e2®F9)] _6b>c?de?®
Log[b (-1+e? @) va (1+e? @) ] +4a2 3 Loglb (-1+e? @) va (1+e?(@F¥)] -
4abC3'F3LOg{b (_1+e2(e+fx)> +a (1+62(e+fx)H N
4323 g% 3 Log[b(71+e2<e*fx>)+a(1+e2(e*”>)]+
4abc3e2ef3LOg[b<71+e2(e+fx>)+a<1+e2(e+fx))]+6d(b(71+e2e>+a(1+e2e>)
(a+b) eZ(e+fx)

a-b

4a%d® 3 x° Log |1+

4a’d® e’ x3 Log[1+

f(c+dx) (-bd+af (c+dx)) PolyLog|[2, -

(a + b) ez (e+f x)
a-b

(a+b) ez (e+f x) , (a+b) ez (e+f x)
~—————] -3abd*Polylog[4, - —F—] +
a-b a-b
2 (e+fx) 2 (e+fx)
—(a+b)<e ]+3abd3<e2ePolyLog[4,——(aer%E 1+
a-b a-b
(4a®c® fxCosh[fx] +4b*>c®fxCosh[fx] +6a*c*dfx®Cosh[fx] +
6b%c2dfx?Cosh[fx] +4a2cd?fx®Cosh[fx] +
4b%cd?fx3Cosh[fx] +a%d®fx*Cosh[fx] +b?d®fx*Cosh[fx] +
4a°c3fxCosh[2e+fx] -4b>c®fxCosh[2e+Ffx] +
6a2c?dfx?Cosh[2e+fx] -6b%>c?2dfx?Cosh[2e+fX]
4a%cd?’fx3>Cosh[2e+fx]-4b%cd?fx3Cosh[2e+fX]
a?d3®fx*Cosh[2e+fx] -b2d>fx*Cosh[2e+fx] -
8b2c3Sinh[fx] -24b%2c?2dxSinh[fx] +8abc3fxSinh[fx] -
24 b cd?x?>Ssinh[fx] +12abc?dfx?Sinh[fx] -
8b>d®>x’Sinh[fx] +8abcd*fx*Sinh[fx] +2abd’® fx*Sinh[fx]) /
(8 (a-b) (a+b) f (aCosh[e] +bSinh[e]) (aCosh[e+fx] +bSinh[e+fx]))

3d* (b (-1+e”®) +a (1+e®)) (-bd+2af (c+dx)) PolylLog|3, - |+

3a%d?PolyLog[4, -

3a2d?e?® Polylog|4, -

+
+

Problem 75: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

c+dx
J dx
(a+bTanh[e+fx])?

Optimal (type 4, 196 leaves, 5 steps):

(c+dx)? (bd-2acf-2adfx)? b(bd-2acf-2adfx| Log 1 + (abrellf0]

_ + + a+b +
2 (a2-b?) d 4a(a-b) (a+b)2d-F2 (az_b2>2-F2
abdPolylog|2, —jﬂ%} b (c+dx)
N
(a2 - b?)? 2 (a>-b?) f (a+bTanh[e+fx])

Result (type 4, 751 leaves):
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((e+fx) (-2de+2cf+d (e+fx)) Sech[e+fx]? (aCosh[e+fx] +bSinh[e+fx}>2)/
(2 (a-b) (a+b) £ (a+bTanh[e+fx})2) +

(bzd(—b(eﬂcx)+aLog[aCosh[e+fx]+bSinh[e+-Fx]])Sech[e+-Fx]2

(aCosh[e+fx] +bSinh[e+fx])2)/(a (a-b) (a+b) (a®-b?) 2 (a+bTanh[e+fx])2) +
(Zbde(—b(e+1‘x)+aLog[aCosh[e+-Fx}erSinh[eJrfx}])Sech[e+1‘:x]2

(aCosh[e+fx] +bSinh[e+fx])2)/((a—b) (a+b) (a®-b?) £2 (a+bTanh[e+fx})2) -
(Zbc(—b(eJr-I:x)+aLog[aCosh[e+1:x}erSinh[eH:x}])Sech[e+1‘:x]2

(acCosh[e+fx] +bSinh[e+fx])2)/((a7b) (a+b) (aszz)f(a+bTanh[e+fx})2) +

d —e_AFCTanh{H (e+fx)2+ 1a [—<e+fx)

a
77r+211Ar'cTanh[E}) -

aZ
:I.—b—Z b

21 (J‘L (e+fx)+1Ar‘cTanh[H) } .

nlog[1l+e? & FX ] -2 (]‘1 (e+fx) +1'1Ar‘cTanh[§}) Log[1-e

, a L. a
s Log[Cosh[e + fx] ] +21Ar‘cTanh[g} Log|i Slnh[e+-Fx+Ar‘cTanh[E}H +

Sech[e + f x]2

i Polylog [2, ez i (1‘1 (e+fx)+1 Ar‘cTanh{zf” ] )

—a?+b?

b2

(aCoshle+fx] +bSinh[e+fx])? /[(ab) (a+b) f2 (a+bTanh[e+fx])*| +

(Sech[e+fx]? (aCosh[e+fx] +bSinh[e+fx])
(b*desinh[e+fx] -b*cfSinh[e+fx] -b*d (e+fXx) Sinh[e+fx]))/
(a (a-b) (a+b) f? (a+bTanh[e+fx})2)

Problem 76: Attempted integration timed out after 120 seconds.

J ! dx
(c+dx) (a+bTanh[e+fx])?

Optimal (type 8, 23 leaves, 0steps):

Int| ! » X]

(c+dx) (a+bTanh[e+1Cx})2

Result (type 1, 1leaves):

2P
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Problem 77: Attempted integration timed out after 120 seconds.

1
dx
J(c+dx>2 (a+bTanh[e+1‘:x])2

Optimal (type 8, 23 leaves, 0steps):

Int| ! » X]

(c+dx)2 (a+bTanh[e+1‘:x])2

Result (type 1, 1leaves):

2P
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Summary of Integration Test Results

77 integration problems

A - 54 optimal antiderivatives

B - 5 more than twice size of optimal antiderivatives
C - 9unnecessarily complex antiderivatives

D - 2 unable tointegrate problems

E - 7 integration timeouts



